In this paper we consider a version of the uncertainty principle concerning limitations on the supports of time-frequency representations in the Cohen class. In particular we obtain different classes of kernels with the property that the corresponding representations of a non trivial signal can not be compactly supported. As an application of our results we show then that the Wigner function can never be solution of a partial differential equation with compactly supported datum.
Introduction
Quadratic structure of time-frequency representations is an intuitively reasonable assumption when we want to interpret a time-frequency representation as an energy distribution since the energy is a quadratic function of the signal. Moreover, quadratic expressions are often considered as ideal time-frequency representations because they do not depend on the choice of a window. In 1932 Wigner introduced the now called Wigner distribution in the setting of quantum mechanics and later Ville introduced it in signal theory. In 1933 Kirkwood came up with another quadratic distribution arguing that it was simpler to use than the Wigner distribution. Many variations were introduced, like the one of Rihaczek, Margeneau and Hille, Page, Choi and Williams, among others. In 1966 Cohen (see for instance [4] ) gave a unified approach which can be formulated in a simple manner and proposed a general method for obtaining a family of joint time-frequency distributions. Following Gröchenig [12] , a quadratic time-frequency representation Q belongs to the Cohen's class if it is of the form
for some tempered distribution σ called the kernel of Q, where W (f ) denotes the Wigner distribution of f. In particular, the action of a linear partial differential operator with constant coefficients on W (f ) can be written as a representation in the Cohen class whose kernel is a distribution supported at {0}. Some properties of the representation Q are reflected as simple constraints on the kernel σ. The relevance of the Cohen's class is due to the fact that every quadratic covariant timefrequency representation, satisfying some weak continuity assumption, belongs to this class [12, Theorem 4.5.1] .
Recently the study of uncertainty principles for time-frequency representations has received the attention of several authors (see for instance [3, 7, 8, 15, 16] ). It is usually assumed that any time-frequency representation should satisfy some appropriate version of the uncertainty principle. However, although it is well known that the Wigner distribution cannot be supported on a compact set (even on a set with finite Lebesgue measure [16, 22] ), as far as we know there is no general result of this type for arbitrary representations in the Cohen class. In fact, very few is known more generally about uncertainty principles for the Cohen class [17] . The purpose of this paper is to propose some results in this direction. Our main interest will be to investigate under which conditions the support of a representation in the Cohen's class of a non-trivial signal cannot be compact. In some situations this conclusion is not hard to achieve. For instance, if the representation Q satisfies the marginal property ( [4, 17] ) then the compactness of the support of Q(f ) would imply that the function f and its Fourier transform would be compactly supported which forces the signal f to be identically null. Another trivial situation is given by the action of the Cauchy-Riemann operator on the Wigner distribution. In this case Q σ (f ) = ∂W (f ) being compactly supported would mean that W (f ) is a real valued holomorphic function outside of a disc, therefore constant, which gives f = 0 for f ∈ L 2 (R d ). But the same question for the Laplace operator is not so easy to answer. Let us observe that the study of the support of P (D)W (f ) gives information about the regularity properties of W (f ). After a brief review of the basic notions that we shall need, we present our results in Sections 2 and 3, which essentially consist of a variety of cases where, under suitable hypothesis, the representation Q σ (f ) of a non trivial signal f cannot have compact support. More precisely, in section 2 we show that this is the case under some specific conditions on the supports of the signal f and the Fourier transform of the kernel σ as well as for f in suitable Gelfand-Shilov spaces. In section 3 we focus on the role of compactness on kernels and/or signals and that of hypo-ellipticity of the convolution operator with the kernels which enter in different ways for obtaining the desired results. As an application we show then that the Wigner function can never be solution of a partial differential equation with compactly supported datum. For the background about time-frequency representations we refer to Gröchenig [12] . The reference for convolution operators and related topics is [14] .
Preliminary results for kernels in S (R 2d )
We start with some notation and definitions which will be used in the sequel. Given a non-empty subset A in R d by acx A we will denote the absolutely convex hull of A that is
We will denote by S(R d ) the Schwartz space of smooth and rapidly decreasing functions and by S (R d ) its dual space. Using [12, 4.3.3] , the cross Wigner distribution can be extended as a continuous map
). This extension satisfies Moyal's formula, that is
where ϕ, ψ ∈ S(R d ) and , means the extension of the inner product in L 2 (R 2d ) to S (R 2d ) × S(R 2d ).
Definiton 2. Let σ ∈ S (R 2d ) be given. The quadratic time-frequency representation Q σ is defined as
In fact, Q σ (f ) is a smooth function for every f ∈ S(R d ). The Cohen's class consists precisely of the representations Q σ as defined in (1) .
In the case that σ ∈ L ∞ (R 2d ) we have that Q σ is a continuous map
We say that Q σ satisfies Moyal's formula if
We want to mention that most of the results in this section also hold for arbitrary f ∈ L 2 (R d ).
It is well-known that W (f ) cannot be compactly supported even in the case that f belongs to S (R d )\{0} (see [8] ). The situation is completely different for representations in Cohen class, as the following example shows.
Example 3. Q σ (f ) can be identically zero even if σ = 0 and f = 0.
In fact,
Hence
Then
Thus, it is natural to ask whether it is possible to find a tempered distribution σ and a function f in the Schwartz class f such that Q σ (f ) has non trivial compact support.
Proof. Assume that Q σ (f ) is compactly supported, by the Paley-Wiener-Schwartz Theorem W (f ) ·σ is an analytic function. We have then two possibilities: either W (f ) ·σ = 0 identically or its support is the whole
From the previous proof we observe that in Theorem 4 the condition acx suppf ∩ acx suppf = R d can actually be replaced by the slightly
We observe also that in the special case thatσ is compactly supported
The generalized spectrogram, defined in [2] as
is a quadratic representation in the Cohen's class and the support of Spec ϕ,ψ (f ) is either trivial or non compact.
In fact, Spec ϕ,ψ = Q σ for σ = W (ψ, ϕ). The Fourier transform of the kernel σ can be expressed in terms of the ambiguity function associated to the windows ϕ and ψ as follows.
Then, from the hypothesis it is easy to check that suppσ = R 2d .
Remark 6. Note that (3) is satisfied for example when there exists a direction of R d in which supp φ and supp ψ (or suppφ and suppψ) are bounded.
From now on we restrict ourselves to the case suppσ = R 2d .
Proof. First we note that
Therefore if Q σ (f ) has compact support we get that V f f (x, ω) has also compact support, which implies f = 0 ( [16] ).
In particular, if σ ∈ S (R 2d ) satisfies the following conditions a)σ has an analytic extension to C 2d b) there exist constants C, N, B > 0 such that
Proof. Clearly µ * Q σ (f ) = W (f ) has compact support provided that Q σ (f ) is compactly supported, but this implies f ≡ 0.
The second statement follows from the first one as from b) we have
then from a) and the Paley-Wiener theorem it follows that µ = F −1 [1/σ] ∈ E (R 2d ) and it is clear that µ * σ = δ.
To close this section we analyze the support of representations in the Cohen class when signals are taken is some subspaces of S(R d ) which are invariant under Fourier transform and consisting in analytic functions. Hence, all non-zero functions in these classes satisfy supp f = suppf = R d .
Definiton 9. (Gelfand-Shilov spaces) Let α, β ≥ 0 be real numbers, the Gelfand-Shilov space S β α (R d ) is defined as the set of all C ∞ functions on R d for which there exist positive constants A 1 , .., A n , B 1 , .., B n , C such that
We collect those features of the Gelfand-Shilov spaces that will be needed later on, for a more complete treatment refer e.g. to [11] or [19] . Particularly important is the invariance of the Gelfand-Shilov spaces S α α (R d ) under the Wigner transform (as well as under the STFT), more precisely (see [19] (Thm 3.8)) Proposition 10.
a) The space S β α (R d ) is non trivial if and only if α + β > 1 or if α + β = 1 and α, β = 0. We shall suppose from now on to be in one of these two cases. b) S β α (R d ) is dense in the Schwartz space S(R d ). c) The Fourier transform defines an isomorphism
). The following proposition shows a case where restricting the signals to the Gelfand-Shilov spaces intervenes in the question of the support of Cohen class representations.
Proposition 11. Given f ∈ S α α (R d ), 1/2 ≤ α < 1, and σ ∈ S (R 2d ) such that suppσ has non empty interior, then if supp Q σ f = R 2d we have f ≡ 0.
Proof. Since f ∈ S α α (R d ), then, from Proposition 10 (e), W (f ) ∈ S α α (R 2d ). As α ∈ [1/2, 1), from Proposition 10 (d), the function W (f ) is analytic and the same holds then for the convolution Q σ (f ) = σ * W (f ).
Since Q σ f is analytic and supp Q σ f = R 2d we have Q σ (f ) = 0. Thuŝ σ W (f ) = 0 and therefore W (f ) is identically zero on a set with nonempty interior. Since it is analytic, we conclude it is zero.
Compact supports and Cohen kernels
We present in this section some results where the compactness of the Cohen kernel σ and/or the signal f as well as the hypoellipticity of the operator of convolution with σ play, in different ways, a crucial role to establish limitations on the support of a representation Q σ (f ) of a non trivial signal f = 0.
Proposition 12. Let σ ∈ E (R 2d ) and f ∈ S(R d ) be given. We assume that either f orf is compactly supported. If Q σ (f ) is supported in a set of finite Lebesgue measure, then either f ≡ 0 or σ ≡ 0.
Proof. We first assume that f ∈ D(R d ). For almost every x ∈ R d the set {ω ∈ R d : ω ∈ supp Q σ (f )(x, ·)} has finite Lebesgue measure. Since we are going to show that Q σ (f )(x, ·) is analytic, we will conclude that Q σ (f )(x, ·) ≡ 0 for almost every x, which implies that Q σ (f ) ≡ 0 from where the conclusion follows.
To see that Q σ (f )(x, ·) is analytic, we observe that it is a C ∞ function. Moreover, since σ ∈ E (R 2d ) there are constants C > 0, N ∈ N, and a compact set K ⊂ R 2d such that
is less than or equal to C times the maximum, as |α| ≤ N, |γ| ≤ N and (s, t) ∈ K, of
Since f ∈ D(R d ) then there is a compact set L ⊂ R d such that the family of functions {g α,γ,s,t } is a bounded set in the Fréchet space D(L) of smooth functions supported on L. Consequently, the set g α,γ,s,t of Fourier-Laplace transforms is a bounded set in H(C d ). In particular, for every a > 0 and > 0 there is A > 0 with the property that ∂ β ∂ω β g α,γ,s,t (ω) ≤ A |β| β! whenever |α| ≤ N, |γ| ≤ N, (s, t) runs on K and ω ∈ [−a, a] d . It follows that Q σ (f )(x, ·) is an analytic function.
In the second case thatf ∈ D(R d ) we can argue as before, having in mind that W (f )(x, ω) = W (f )(−ω, x), to conclude that Q σ (f )(·, ω) is analytic for every ω ∈ R d .
We now restrict our attention to one-dimensional signals and we assume that σ ∈ E (R 2 ). The argument used in Proposition 8 does not work the other way around, that is if σ is a compactly supported distribution, E ∈ D (R 2d ) and σ * E = δ, we cannot conclude as in Proposition 8 that Q σ (f ) is not compactly supported, since, except when σ is a translation of the Dirac measure, E / ∈ E (R 2d ). However if we assume that the convolution operator * σ :
is hypoelliptic, meaning that σ * F ∈ C ∞ (R 2d ) implies F ∈ C ∞ (R 2d ), we will be able to conclude using the existence of compactly supported parametrices (see [14] ). Since (Ψ − 1)E is a C ∞ function then we finally obtain
and (δ − ϕ) * W (f ) = (ΨE) * σ * W (f ) = (ΨE) * Q σ (f ) is a compactly supported C ∞ function. Let A > 0 be given so that (δ − ϕ) * W (f ) vanishes outside [−A, A] 2 and fix |x| > A. Then
Put h := |f | 2 . Then λ := h−h * ψ is compactly supported. We conclude that there are test functions ψ, λ ∈ D(R) such that
A similar decomposition holds for h = | f | 2 (with different test functions λ and ψ).
At this point we need one more lemma.
Lemma 14.
Let h ∈ S(R) and ψ, λ ∈ D(R) be given so that
Then there are b > 0 and C > 0 such that h can be analytically extended to the band | z| < 2b and
for every x ∈ R.
Proof. In fact,
for all x ∈ R. All the real singularities of
are removable. Moreover, G has a finite number of singularities on each set | z| < a, hence there is b > 0 so that all the singularities of G in the set | z| < 2b are real. We abuse of the notation and still denote by G the holomorphic function on | z| < 2b obtained when we remove all the real singularities. Then G is an extension of h. Now take A > 0 such that both λ and ψ are supported in [−A, A]. Then, for every N ∈ N there is C N > 0 such that
For any fixed x > 0 we have
Denote by γ R the rectangle with vertex −R, R, R + ib, −R + ib. Then γ R G(z)e 2πizx dz = 0 and, after estimating the integrals on the vertical segments as R goes to infinity we deduce that
and |h(x)| ≤ Ce −2πbx for some constant C > 0. In the case x < 0 we can argument in the same way but with a rectangle in the lower half-plane and we finally get |h(x)| ≤ Ce −2πb|x| for every x ∈ R.
Theorem 15. Let σ ∈ E (R 2 ) be a compactly supported distribution such that the convolution operator F → F * σ is hypoelliptic and let f ∈ S(R) be given. Then Q σ (f ) is not compactly supported unless f is identically zero.
Proof. We suppose that f is not identically zero but Q σ (f ) is compactly supported. According to Lemma 13, f where h = |f | 2 . Since h and also h * ψ are real analytic functions we conclude that λ is identically zero. Now we take Fourier transforms and deduce that h = h · ϕ. Consequently ϕ(ω) = 1 whenever h = 0. Then it follows from the principle of analytic continuation that ϕ(ω) = 1 for all ω, which is a contradiction. A natural problem would be to assume that the convolution operator is just surjective on C ∞ (R 2d ) and investigate if similar results still hold. We do not have at present a precise answer to this question. Our next aim is to show that the hypothesis in the previous result can be weakened. In particular we want to show that the Wigner function can never be solution of a partial differential equation with compactly supported datum. The key is to give an appropriate extension of Lemmata 13 and 14.
Lemma 17. Let σ ∈ S (R 2 ) be a tempered distribution with the property that there are compactly supported distributions µ 1 , µ 2 ∈ E (R)\{0} such that the convolution operators f → f * µ j (j = 1, 2) are hypoelliptic and µ 1 (ξ) = σ(ξ, 0), µ 2 (ξ) = σ(0, ξ). We suppose that f ∈ S(R) and Q σ (f ) is compactly supported. Then, for h = |f | 2 or h = | f | 2 , there are test functions ψ, λ ∈ D(R) such that
Proof. We concentrate on the case h = |f | 2 . By hypothesis,
We claim that ϕ = µ 1 * |f | 2 . In fact, using that Since (1 − Φ)E is a C ∞ function then we have
and also λ := (ΦE) * µ 1 * |f | 2 = (ΦE) * ϕ ∈ D(R).
Partial integration with respect to x gives the conclusion for |f | 2
Now, we can proceed as in the proof of Theorem 15 to get the following.
Theorem 18. Let σ ∈ S (R 2 ) be a tempered distribution with the property that there are compactly supported distributions µ 1 , µ 2 ∈ E (R) such that the convolution operators f → f * µ j (j = 1, 2) are hypoelliptic and µ 1 (ξ) = σ(ξ, 0), µ 2 (ξ) = σ(0, ξ). Let f ∈ S(R) be given. Then Q σ (f ) is not compactly supported unless f is identically zero.
Example 19.
(1) Let σ ∈ S (R 2 ) be a tempered distribution such that Q σ has the marginal property. Then σ satisfies the hypothesis in Theorem 18 with µ 1 = µ 2 = δ. In this case the conclusion of the Theorem was already known.
(2) Let µ ∈ E (R) be a compactly supported distribution and define
where h is any continuous function of at most polynomial growth on R and vanishing at the origin. We suppose (a) * µ is hypoelliptic and ab = 0 or (b) a = b = 0 and µ(0) = 0. Then σ need not be compactly supported but satisfies the hypothesis of Theorem 18.
(3) Let us assume that µ ∈ E (R) is hypoelliptic and let λ ∈ R be such thatμ(λ) = 0. Then, the generalized spectrogram with windows µ and e 2πiλt is a distribution Q σ with the property that Q σ (f ) is not compactly supported unless f = 0. In fact, σ = W (µ, e 2πiλt ) andσ(x, ω) = e −2πiω(λ+ x 2 )μ (λ + x).
Hencê σ(0, ω) =μ(λ)e −2πiωλ ,σ(x, 0) = e −πiλxμ (λ + x) and we can apply Theorem 18.
We conclude with an application of our results to linear partial differential equations in time-frequency space. It is a consequence of Theorem 18 and, in our opinion, is the main result of this section. We prove that if P (D x , D y ) is a partial differential operator, then for f ∈ S(R), the Wigner function W (f ) can not be solution of the equation P (D x , D y )u = v if the datum v has compact support.
Theorem 20. Let P (D x , D y ) be a partial differential operator. Then, for f ∈ S(R), P (D x , D y )W (f ) is not compactly supported unless f is identically zero.
Proof. In fact, let us assume that P (D x , D y )W (f ) is compactly supported. Now we factorize P (D x , D y ) = D n x D m y Q(D x , D y ), where m, n ∈ N 0 and Q(0, D y ) and Q(D x , 0) are non-zero differential operators. Since Q(D x , D y )W (f ) is in the Schwartz class we get that also Q(D x , D y )W (f ) is compactly supported. Take σ ∈ E (R 2 ) \ {0} with σ = Q and define µ j according to Theorem 18. It is obvious that the convolution operators f → f * µ j (j = 1, 2) are hypoelliptic, since they are (non-zero) differential operators in one variable. Consequently f is identically zero.
It would be natural to ask if it is possible to find examples of kernels and signals for which the corresponding Cohen representation has non trivial compact support. At the present moment we do not have an answer to this question.
